ABSTRACT The observability and observable degree of attitude errors in tightly coupled global navigation satellite system/inertial navigation system attitude determination system are studied in this paper. The mathematical relationship between the observable degree and the attitude dilution of precision (ATDOP) is determined by the singular value decomposition of the observability Gramian. The influence of the ATDOP on the observable degree is analyzed. The observability analysis of the attitude errors under different numbers of visible satellites is performed via a rank test of the observability Gramian. The results of a field test demonstrate that, a higher observable degree of attitude error will be obtained for the pitch, roll and yaw at a given time under a lower ATDOP. When the number of visible satellites is equivalent, a lower ATDOP leads to a higher observable degree of error for any one of the three attitudes at different times. Moreover, the results show that the three attitude errors are all externally observable under the condition of at least three visible satellites with three antennas.
I. INTRODUCTION
Observability is an important property of a dynamical system, and whether the states can be estimated with a Kalman filter is mainly determined by the system observability [1] , [2] . For an unobservable system, a successful estimation cannot be achieved, even if the measurement is sufficiently accurate. The system states with high observability usually have a high accuracy estimated values, whereas the states with low observability will have a degraded estimation accuracy, and these system states may even become divergent. In certain cases, the degree of observability of the system states must be measured when all states are observable. The degree of observability is quantitatively expressed by the observable degree [3] , [4] . Thus, the observability and observable degree of the states must be evaluated for the design of a dynamical system.
For the observability analysis, the rank test and null space test of the observability matrix have been widely studied. The rank test of the observability matrix method was introduced in many works [5] - [9] . To avoid the complexity of the observability matrix, time-varying systems were modeled as piece-wise constant systems, and the observability of error states in the time-varying systems was then determined by testing the rank of the stripped observability matrix [5] , [6] . The null space test of the observability matrix was mainly investigated in [10] - [12] . By testing the null space of the observability matrix, the observability properties of the error states in the navigation system with a low-grade inertial measurement unit (IMU) and an accurate single-antenna Global Positioning System (GPS) were studied [11] . For observable degree analyses, the eigenvalue decomposition of the error covariance matrix and the singular value decomposition (SVD) of the observability matrix are typically investigated. To provide insights into the degree of observability for a higher order system, the eigenvalues and eigenvectors of the error covariance matrix have been used to determine the observable degree of a linear combination of the state variables [13] . The SVD of the observability matrix was proposed in [14] to analyze the observable degree of complete and incomplete observable systems without the prior use of a Kalman filter [15] , [16] . However, the error covariance behavior is sensitive to the initial error covariance; therefore, the relationship between the observability and the error covariance can be misleading [17] . Moreover, analytically determining the rank of an observability matrix is usually difficult except for simple system models [18] . Thus, observability measures based on the observability Gramian were proposed in [19] to analyze the observability and observable degree of multi-input/multi-output time-varying systems. In this work, we use these observability measures to study the influence of dilution of precision (DOP) on the observable degree of the state variable because the observability Gramian is intuitively related to the DOP.
System observability is improved during maneuvers, and there has been a number of pieces of literature talking about the effect of vehicle maneuvers on the system observability [1] , [7] , [9] , [11] , [20] . In [7] , linear acceleration did not change the number of observable modes but did affect the structure of the observable space, and the observability of attitude angles is enhanced via nonconstant axial accelerating maneuvers in an integrated GPS/inertial navigation system (INS). In [1] and [9] , acceleration changes were shown to enhance the observability of attitude angles and gyro bias, and angular velocity changes were shown to enhance the lever arm observability for GPS/INS integration. Almost all types of translational and angular maneuvers could make a three-channel tightly coupled GPS/strapdown inertial navigation system (SINS) instantaneous observability [9] . Roll and pitch errors, accelerometer biases in the east and north directions and gyro biases will become observable states in the absence of IMU continuous rotation around the X, Y and Z axes in the inertial system [20] . However, with the exception of vehicle maneuvers, the DOP may also affect the observable degree of the system state in a tightly coupled Global Navigation Satellite System (GNSS)/INS. The work reported in [21] demonstrated via numerical simulations that the observability worsens as the geometry dilution of precision (GDOP) increases. To date, research has not been reported regarding how the DOP influences the observable degree of the system state. In this paper, we analyze the observable degrees of three attitude errors, namely, the pitch, roll and yaw errors, using the SVD of the observability Gramian and provide the explicit mathematical relationship between the attitude dilution of precision (ATDOP) and the observable degree of attitude error in a tightly coupled GNSS/INS attitude determination system. GNSS attitude determination is driven by precise GNSS carrier phase measurements. To fully exploit the high precision, the unknown integer ambiguities of the carrier phase measurements must be resolved. Teunissen developed a new integer least-squares (ILS) theory for the GNSS compass model together with efficient integer search strategies. This work extends the unconstrained ILS theory to the nonlinearly constrained case, which is particularly suited for precise attitude determination [22] . Based on this theory, instantaneous integer ambiguity resolution performance was demonstrated in [23] and [24] .
The number of GNSS antennas could impact the observability of the error states in GNSS/INS integration. In [10] , the error states were all observable with at least three antennas and at least one state was unobservable in the case of two antennas. However, the observability of the error states may also be affected by the number of visible satellites in a tightly coupled GNSS/INS attitude determination system. Thus, in this paper, we analyze the observability of attitude errors with different numbers of visible satellites via the rank test of the observability Gramian for the integrated GNSS/INS attitude determination system. The paper is organized as follows. Section II demonstrates the mathematical relationship between the ATDOP and observable degree of attitude error by the SVD of the observability Gramian. Section III discusses the observability of a tightly coupled GNSS/INS attitude determination system under the condition of different numbers of visible satellites. Section IV presents the results of a field test. Section V discusses the conclusions.
II. INFLUENCE OF THE ATDOP ON THE OBSERVABLE DEGREE
In this section, the observable degree based on the SVD of the observability Gramian is introduced for a linear discrete system. The mathematical relationship between the observable degree of the system state and the DOP is demonstrated. The influence of the ATDOP on the observable degree of attitude error is discussed for a tightly coupled GNSS/INS attitude determination system. Consider the following linear discrete system:
where x k ∈ R n is the state vector at time step k, k,k−1 ∈ R n×n is the state transition matrix from time step k − 1 to time step k, y k ∈ R m is the measurement vector at time step k, H k ∈ R m×n is the measurement matrix at time step k, and v k ∈ R m is the measurement noise vector at time step k. Assume that R k is the covariance matrix of v k and
is the error covariance matrix of x k . P k represents the uncertainty in the state estimate. If P k is ''large'', then a high uncertainty is present in the state estimate. Thus, the observable degree of the system state can be determined from the error covariance behavior according to the matrix perturbation theory. If the error covariance of a state undergoes a large decrease from the initial error covariance, the observable degree for the corresponding state is usually considered high. However, the behavior of the error covariance can be strongly influenced by the choice of the initial error covariance matrix, and the detailed proof has been given in [18] . Therefore, an observable degree analysis method based on the SVD of the observability Gramian was proposed by Hong to eliminate the influence of the initial error covariance on the observable degree [18] .
For the linear discrete system (1), the information matrix is defined as follows:
where I k represents the certainty in the state matrix. If I k is ''large'', then the confidence in the state estimate is high [25] . Analogous to the error covariance matrix, if the information matrix of a state undergoes a large increase from the initial information matrix, then the observable degree for the corresponding state is also considered high.
From the time step 0 to the time step k, the following is derived:
where
is the observability Gramian on [0, k] for the linear discrete system (1) . If the observability Gramian is a symmetric matrix, then the SVD of L k,0 can be expressed as follows:
is an orthogonal matrix consisting of singular vectors and k = diag( σ 1 σ 2 · · · σ n ) is a diagonal matrix that consists of singular values. The singular value of the observability Gramian can be considered a measure of the observability for the subspace spanned by the corresponding singular vector. A large singular value implies that a large change must occur in the information matrix is necessary for the subspace spanned by the corresponding singular vector to be unobservable. Let the ith singular vector of the orthogonal matrix be represented as
Then, the observable degree of the state is as follows [18] :
Equation (5) shows that the observable degree of the system state is determined by the singular values and the elements of their corresponding singular vectors. Moreover, the observable degree will improve as the singular value and the elements of the singular vector increase.
In the observability Gramian L, the state transition matrix reflects the influence of vehicle maneuvers on the observable degree, whereas the measurement matrix H reflects the influence of the DOP on the observable degree. The effect of the DOP on the observable degree is studied using the observability Gramian at time step k. To avoid the effect of vehicle maneuvers, the state transition matrix is not considered in the observability Gramian; thus, (3) can be expressed as follows [25] :
where I + k and I − k are the information matrices after and before the processing of the measurement at time step k, respectively, and L k is the observability Gramian at time step k. The externally observable degree, namely, the observable degree of the system state that has an externally measurement, can be obtained by the SVD of L k according to (5) .
In a tightly coupled GNSS/INS system, the DOP is usually defined as the square root of the diagonal element of L −1 k . In addition, the diagonal element of L −1 k can be expressed by the singular value and singular vector of L k as described in the following theorem.
Proof: Because the SVD of L k is shown in (4), and U k is an orthogonal matrix, the SVD of L −1 k can be expressed as follows:
Therefore, Theorem 1 is proved. Theorem 1 shows that the DOP is also determined by the singular values and the elements of their corresponding singular vectors. However, compared with the observable degree, the DOP will decrease as the singular value increases.
According to (5) and (8), the mathematical relationships between the externally observable degree of the system state and the corresponding DOP can be obtained with the singular value and singular vector of the SVD of the observability Gramian.
For the tightly coupled multi-antenna GNSS/INS attitude determination system, we can obtain the ATDOPs, namely, the pitch dilution of precision (PIDOP), roll dilution of precision (RDOP) and yaw dilution of precision (YDOP), according to their definitions in [26] and (8) as follows:
According to (5), the externally observable degree of the pitch, roll and yaw errors are respectively calculated as:
Thus, the mathematical relationship between the externally observable degree of attitude error and the corresponding ATDOP can be obtained as shown in (10)- (15) for a tightly coupled multi-antenna GNSS/INS attitude determination system. In addition, the attitude error state with a lower DOP has a higher externally observable degree.
III. OBSERVABILITY ANALYSIS WITH DIFFERENT NUMBERS OF VISIBLE SATELLITES
In this section, the observability of attitude errors for a tightly coupled multi-antenna GNSS/INS attitude determination system using a two visible satellites scheme, three visible satellites scheme and more than three visible satellites scheme is analyzed.
The rank test of the observability Gramian L k is usually used for observability analyses [27] . If L k is of full rank, then the system states are considered to be observable. However, if L k is rank deficient, then the rank of L k is the number of the system states that are observable [28] . For L k in (7), the observability analysis can be simplified by the following theorem.
The covariance matrix R k is generally nonsingular in the measurement equation of a tightly coupled multiantenna GNSS/INS attitude determination system. Thus, Theorem 2 shows that only the measurement matrix H k needs to be considered for the rank test of L k .
In a tightly coupled multi-antenna GNSS/INS attitude determination system, the measurement equation is usually formed by the double-differential (DD) carrier phase equations. Thus, the measurement matrix with two baselines formed by three antennas is expressed as follows [30] :
where In certain cases, only one baseline formed by two antennas is used to determine the two attitudes of pitch, roll and yaw. In this instance, the measurement matrix can be simplified as follows:
A. TWO VISIBLE SATELLITES SCHEME
Only one DD carrier phase equation is available for the case in which two satellites are visible. Thus, n is equal to 1 in (16). Then, by substituting (16) into (7), we obtain the following:
From (18), we can easily conclude that rank(L k ) = 2 and L k is rank deficient; therefore, the tightly coupled threeantenna GNSS/INS attitude determination is externally unobservable, in the case of two visible satellites. Moreover, only two of the three attitude errors are externally observable.
For a dual-antenna GNSS/INS attitude determination, L k can be obtained by substituting (17) into (7) as follows:
The rank of (19) is 1, therefore, the tightly coupled dualantenna GNSS/INS attitude determination system is also externally unobservable with two visible satellites. In this situation, only one of the three attitude errors is externally observable.
B. THREE VISIBLE SATELLITES SCHEME
The case of three satellites presents two DD carrier phase equations. Similar to the two visible satellites scheme, we can also obtain the observability Gramian by substituting (16) into (7) as follows: 
From (20), rank(L k ) = 3 and L k is of full rank, therefore, the attitude determination system is externally observable.
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The observability Gramian for the dual-antenna system is expressed as follows:
Because the rank of (21) is 2, two of the three attitude errors are externally observable for the three visible satellites scheme.
C. MORE THAN THREE VISIBLE SATELLITES SCHEME
The case of more than three visible satellites presents n DD carrier phase equations. The observability Gramian of threeantenna system is expressed (22) , as shown at the bottom of this page.
According to (22) , rank(L k ) = 3 and L k is of full rank, therefore, the attitude determination system is also externally observable in the scheme for more than three visible satellites.
The observability Gramian of the dual-antenna system is expressed as follows:
In (23), the rank is 2, therefore, the system is also externally unobservable and only two of the three attitude errors are externally observable.
In conclusion, for the tightly coupled three-antenna GNSS/INS attitude determination, the system is externally observable with more than two visible satellites. Moreover, one of three attitude errors will be externally unobservable with only two visible satellites. However, for the dualantenna GNSS/INS attitude determination, one attitude error is always externally unobservable. In addition, only one of the three attitude errors is externally observable when the number of visible satellites is two.
IV. FIELD TEST RESULTS
To verify the observability and observable degree of the tightly coupled GNSS/INS attitude determination, a field test is performed under stationary conditions at Xi'an, China. Three ComNav K501 receivers, three NovAtel 702-GGG antennas and a MicroStrain 3DM-GX3-25 IMU are used in the field test. The configuration of the antennas and IMU in the body frame of the field test is shown in Fig. 1 . The lengths of the two baselines are 3.965 m and 9.445 m.
Receivers were used to collect the BeiDou Navigation Satellite System (BDS) data at 1 Hz from Nov. 8, 2016, to Nov. 9, 2016, for approximately one day of data. The number of BDS satellites visible in the field test is shown in Fig. 2 . As illustrated in Fig. 2 , the number of visible BDS satellites during the field test is 4-9. The pseudoranges and carrier phase measurements for BDS B1 are used in the field test. The simplified equally weighted model is the stochastic model used in attitude determination. The integer ambiguities are resolved with the C-LAMBDA method [23] . The attitude estimation is based on the integrated threeantenna solution [31] .
Figs. 3-5 show the observable degrees of the pitch, roll and yaw errors and their corresponding ATDOPs, namely, the PIDOP, RDOP and YDOP, in the field test. The observable degrees are calculated according to (13)- (15) . The ATDOP values are calculated according to the definitions in [26] and [30] . As shown in Figs. 3-5 , among the three elements of ATDOP, the YDOP value is the smallest and the PIDOP value is the largest. However, the observable degree of yaw error is the highest and the observable degree of pitch error is the lowest. Thus, for the pitch, roll and yaw at a given time, a higher observable degree is obtained for lower ATDOP values. Moreover, an examination of Figs. [2] [3] [4] [5] shows that when the number of visible satellites is equivalent, for any one attitude among the pitch, roll and yaw at different times, a lower ATDOP will lead to a higher observable degree. Table 1 shows the visible satellite number, singular values and orthogonal matrix of the SVD of the observability Gramian, ATDOPs, observable degrees of attitude errors, and the square root of d i in (8) at BDS times of 14:00:00, 15:00:00, 16:00:00, 00:00:00, 01:00:00, 02:00:00, 04:00:00, 05:00:00, 06:00:00, 10:00:00, 11:00:00, and 12:00:00. For simplicity of notation, exponentials with 10 as the base are expressed by E, such that 1.0E-4 means 1.0 × 10 −4 , and the unit of the elements of the orthogonal matrix in Table 1 is E-4. An examination of the data in Table 1 shows the following results.
1) At BDS time 14:00:00, the YDOP value is 0.1530, which is the smallest among the three ATDOPs, and the PIDOP value is 2.14, which is the largest. These results show that for the pitch, roll and yaw obtained at different times, a lower ATDOP corresponds to a higher observable degree when the number of visible satellites is equivalent. This conclusion is supported by the results obtained for BDS times 00:00:00, 01:00:00, and 02:00:00; 04:00:00, 05:00:00, and 06:00:00; 10:00:00, 11:00:00, and 12:00:00.
3) The orthogonal matrices of the SVD at BDS times 00:00:00, 01:00:00, and 02:00:00 show slight differences, which may be related to the equivalent number of visible satellites and the slight changes in the satellite geometry in the body frame. Therefore, the SVD of the observability Gramian may be related to the satellite geometry in the body frame. 4) In the orthogonal matrices, the second and third elements of the first and second rows are much larger than the first element, and the first element of the third row is much larger than the second and third elements. This difference is particularly pronounced for the orthogonal matrices for BDS times 00:00:00, 01:00:00, 02:00:00, 04:00:00, 05:00:00, 06:00:00, 10:00:00, 11:00:00, and 12:00:00. Thus, according to the observable degree of pitch, roll and yaw errors in (13)- (15), the observable degree of pitch and roll errors is mainly determined by the second and third singular values, and the observable degree of yaw is mainly determined by the first singular value. 5) The square root of d i calculated with the singular values and orthogonal matrices is equal to the ATDOP. Thus, (7) is verified by the field test. Table 2 shows the observability Gramians and their ranks for the case with different numbers of visible satellites at BDS time 00:00:00. As shown in Table 2 , for the dual-antenna attitude determination system, the rank of the observability Gramian is 1 when the number of visible satellites is two, whereas the rank of the observability Gramian is 2 when the number of visible satellites is greater than two. These findings show that only one attitude error is externally observable when two satellites are visible and that two attitude errors are externally observable when more than two satellites are visible. For the three-antenna attitude determination system, the rank of the observability Gramian is 2 when the number of visible satellites is 2, whereas the rank of the observability Gramian is 3 when the number of visible satellites is greater than two. These findings show that the system is externally observable when more than two satellites are visible. These conclusions are consistent with the observability analysis in Section III.
V. CONCLUSIONS
In this paper, the observability and observable degree of attitude errors in a tightly coupled multi-antenna GNSS/INS attitude determination system are analyzed. The mathematical relationship between the observable degree of attitude errors and the corresponding ATDOP is determined by the SVD of the observability Gramian. The influence of the PIDOP, RDOP and YDOP on the observable degrees of pitch, roll and yaw errors is studied. The observability of attitude errors with different numbers of visible satellites is analyzed by the rank test of the observability Gramian.
A field test is conducted to verify the observable degree and observability analysis. The results show that for the pitch, roll and yaw at a given time, the attitude with the lower DOP has a higher observability degree. For any one of the three attitudes at different times, the lower DOP also leads to the higher observable degree when the number of visible satellites is the same. The rank test of the observability Gramian shows that only one of the attitude errors is externally observable for the two visible satellites scheme and that two states are externally observable for the more than two visible satellites scheme in the dual-antenna GNSS/INS attitude determination. Two of the attitude errors are externally observable for the two visible satellites scheme, and all states are externally observable for the more than two visible satellites scheme in the three-antenna GNSS/INS attitude determination.
In addition to the observability of attitude errors discussed in this paper, other error states, such as the position error, velocity error, gyros bias and accelerometer bias, can be observed in a tightly coupled GNSS/INS integrated attitude determination system. A considerable amount of additional work is required to thoroughly answer the questions related to these errors, which represent potential research subjects for further studies.
